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In an earlier article, a magnetic periodic focusing structure for the transport of low-energy ions was
described. The present contribution describes the behavior of ions that possess an angular momentum with
respect to the optical axis in their initial conditions. In beam-transport calculations, this angular momentum
is usually assumed to be zero. The origin of such an angular momentum is also discussed and the complete
equations of motion up to third order are derived. It is shown that in a periodic focusing system with
rotational symmetry, the behavior of a beam consisting of ions with angular momentum is not significantly
different from the behavior of a beam of ions with zero angular momentum. For a beam-guide system
equipped with discrete quadrupole lenses, there is a significant difference that may cause beam loss. The
importance of the angular momentum results from the development of new ion sources like the E.C.R.I.S.
and E.B.I.S.
INTRODUCTION
In Ref. 1 we described a periodic focusing structure which is well suited for the
transport of low energy ion beams. More about the technical layout is described in
Ref. 2. The description was limited to particles having zero angular momentum with
respect to the optical axis in the initial conditions. With the development of new heavy
ion sources, like the E.C.R.I.S. and E.B.I.S., from which the ions are extracted axially in
an axial magnetic field, a new parameter becomes important for the design of beam-
guide systems, namely the angular momentum of the particles with respect to the
optical axis.
In this article, it is shown that a periodic focusing structure with rotational symmetry
is relatively insensitive to this property as far as it concerns the behavior of the beam.
The trajectory of the particles with angular momentum is quite different from the
trajectory for zero angular momentum.
In systems with discrete quadrupole lenses, the beam envelope will change when an
angular momentum is present and this may cause considerable beam losses when the
beam transport is calculated with the standard programs that do not take into account
this property.
Figure 1 shows the periodic focusing structure under consideration. It consists of
permanent magnet rings arranged around the beam tube. Between each two adjacent
elements, the magnetic-field direction on the axis is reversed. The length of one element
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FIGURE 1 Four elements of the periodic structure. The large cores are made of isotropic Ferroxdure
FxD 100 and magnetized in the radial direction. The FxD 330 is an anisotropic material and is magnetized
axially. In adjacent elements the field direction is reversed. Two elements form one field period. In the lower
section the field distribution is given in one element of a long string on the axis, r = 0, and on a radius of
10 mm, r = 10. The field should be zero at 0 and 73 mm and is artificially taken as zero in the calculation of
the Fourier coefficients, etc.
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I. DERIVATION OF THE EQUATIONS OF MOTION
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For the derivation of the equations of motion, we start with the Hamiltonian of a
charged particle in a static magnetic and electric field with rotational symmetry
1 (2 P02 2 22 2 PO)H = 2m ~ + 7 + Pz + q e Ao - 2qe r Ao + V(r, z) (1)
The ~ etc. are the generalized momenta, Pr etc., are the mechanical momenta with
~ = Pr' Pz = Pz' Po = Po + qerAo· Aois the angular component of the magnetic vector
potential, defined as B = V x A. The electrical potential V(r, z) is independent of O.
It is neglected in the derivations that follow, for it does not influence the arguments
or results. The influence of space charge can be easily included as it was done in Ref. 1.
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For the magnetic vector potential we have
In our periodic focusing structure, Bz on the axis is




In the discussion we will use only the first-harmonic component of Bz • Higher
harmonics can be easily included, but that will not change the discussion for the beams
we use. The term that mainly determines the difference in behavior between particles
with and without an angular momentum with respect to the axis is Po2 /r 3 in Eq. (2).
The last term in brackets in Eq. (2) cancels in first approximation if we introduce
Eq. (7) in Eq. (2). This term can be neglected also in second approximation in the
periodic structure as shown in section III.
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An important conclusion of Eq. (3) is that in any system with rotational symmetry Po
is a constant of motion. The value of Po is zero for an ion that crosses the axis some-
where in the system. From Po =1= 0 follows r =1= O. Note that Pr = mv" pz = mvz and
Po = mvor, where v is the velocity in the given direction. In the subsequent calculations,
the beam is supposed to be a 20-keV deuteron beam. The behavior of particles with
Po = 0 is extensively studied in Ref. 1. Their trajectory has a sinusoidal shape with a
period of 2.58 m for 20-keV d + in the system of Fig. 1. For 2 keV, the trajectory period
is 0.82 m.
II. THE ORIGIN OF THE ANGULAR MOMENTUM
Ions with an angular momentum with respect to the optical axis are to be expected from
a source having a longitudinal magnetic field in the extraction region. If the extraction
geometry has rotational symmetry, as is normally the case, Eq. (3) determines the effect.
The size of the angular momentum an ion gets during the extraction process is
independent of the extraction potential if this potential does not depend on 8. Figure 2
shows very schematically the extraction geometry in such a source. The given values of
the parameters are used in the subsequent calculations.
The dotted line represents the plasma boundary and the whole system is supposed to
be immersed in the magnetic field Bs •
When the ion leaves the plasma it is reasonable to assume that the mechanical
angular momentum Po is small, so the value of Po is determined mainly by the magnetic
momentum with respect to the optical axis, qerAo, at that position. The energy of the
ions in the plasma is usually a few eV.
As long as the ion is part of the plasma, it has of course a Po and a magnetic
momentum but the values are determined by its small energy and the local field at the
moment and the position where it was ionized. From then on it moves along a flux-
tube, if there are no collisions converting pz into polr with respect to the axis of the tube
and not with respect to the optical axis of the extraction system. (rAo = J~ Br dr or









FIGURE 2 The extraction region of a source with a longitudinal magnetic field. The potential of the
plasma is supposed to be the extraction potential. The dotted line indicates the plasma boundary. The values
of the given parameters are realistic for an E.C.R.I.S. source presently being built, but serve mainly to give a
beam from which the beam quality could have a minimum value of 600 mm-mrad for deuterons.
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optical axis when the ion leaves the plasma.) Thus at the plasma boundary the
generalized momentum has the value Po = eqrsAos and this is a constant of motion.
When during or after the acceleration the ion leaves the magnetic field, the
mechanical momentum becomes Po = mvor = qersAos, where Vo is the linear velocity
in the edirection at that moment and Aos the value of Aoat the position rsat the plasma
boundary.
From the values given in Fig. 2, we find.
polr 1 Bsrs 3 +
- = 2B = 36·10- for 20-keV d and rs = 4,6 mm,
Ptot P
where Bp = 2.88.10- 2 T-m is the stiffness after acceleration and Ptot is the total
momentum. The angle with the optical axis is 36 mrad. The area defined by the
maximum r = rs and the angle of 36 mrad is then 650 mm-mrad.
III. THE PHASE-SPACE LOCI OF IONS WITH Po =I 0
If for the moment we neglect Pz (see appendix A) and combine Eq. (2) with Eq. (5) and
replace the time by z, the distance along the axis, using i = (2qeVlm)1/2 and if we
introduce normalized coordinates, x = 21tZII and y = 21trII, I = field period, we get in
first order
y" + ! qe B 2 (~)\ + ~ Pe B" (~)\__1_ (21t)2 p/ = o.
8 m V 21t 16 m V 21t 2qemV 1 y3 (9)
Here B" is a strongly oscillating function of x in which, for the field distribution given in
Fig. 1, the amplitude of the third harmonic has the highest value. Thus the third term in
Eq. (9), containing PoB", adds to the oscillating part of the second term containing B2.
The amplitude of the first-harmonic component in the third term is about 4% of the
corresponding amplitude of the second harmonic in the second term and this ratio is
independent of the acceleration voltage. This assures that even at energies where the
trajectory period is smaller than twice the field period, the third term will not cause
instabilities. It has been shown already in Ref. 1 that as long as the period of the
trajectory is more than 3 times the period of Bz , the oscillating term in the Mathieu
equation has little influence. In this case the term with B" can be neglected in the
discussion.
If we use only the first harmonic component of B, we get the phase-space loci
b
y" + ay (1 - cos 2x) - 3" = 0,
y
a = ~ qe a12(~)2
16 m V 21t
b = ! qe (~)2 242 m I Bs r s
(10)
where a1 is the first-harmonic amplitude of Band Bs and r s the quantities given in
Fig. 2.
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(11)
This equation shows immediately the existence of stable-point loci defined by
y" = y' = 0 and y = ± (bla)1/4 (see appendix B). This means that if the ion is injected
into the structure with y' = 0 at this value of y, it will move with constant radius and
circulate on a cylinder surface according to Eq. (3).
If we neglect for the moment the cos 2x term, then Eq. (10) can be integrated
(y'f = const. - (:2 + ay2)
The constant is determined by the initial values of y and y' at the point of injection.
Equation (11) shows that the loci are symmetric with respect to both the y and y' axis.
Figure 3 shows a few loci for different values of bfor a 20-keV d+ beam with 600 mm-
mrad emittance, as used in Ref. 1. Here a = 0.0032 and the geometry of Fig. 2 gives
b = 5.10- 5 at rs = 4.6 mm. The loci are generated by solving Eq. (10) by a Runge-
Kutta method. The starting point is indicated by S. Figure 3a gives of course the eigen
ellipse with aspect ratio Ja, for with b = 0 Eq. (10) reduces to the Mathieu equation.
This is the eigenellipse for the outermost particle in the emittance of the incident beam
if it is well matched. Figure 3b shows that even for a very small value of b, the ion
will not cross the axis. In fact, Eq. (10) can be solved for Irl if Po =1= 0, but during the
motion the particle circulates around the axis according to Eq. (3) and the angular mo-
mentum Po approaches Po ifr becomes small. The result is that in the points 5 to 9,
etc., in Fig. 3b, the particle is at the same side of the axis as in Fig. 3a; in other words:
to find the real position of the particle in phase space, one should mirror the points 5
to 9, etc., in Fig. 3b to e with respect to the origin. Figures 3c and d show that the loci
surround the stable point locus for the given b, marked by a cross. Figure 3e shows
that even if the ion starts off the y axis, the locus will be symmetric with respect to the y
axis.
These figures show that the loci are always inside the outermost eigenellipse for ions
with Po = 0 if the stable point loci for Po =1= 0 are inside, so the beam behavior is
independent of the existence of Po as long as it is consistent with the measured
emittance of the beam. Note that if the emittance of a beam is measured as 650 mm-
mrad, this value is not only due to the existence of a Po. The contribution of Po has to be
measured or calculated. The condition that the stable-point loci should be inside the
outermost eigenellipse is always fulfilled if the emittance of the beam is measured with
slits, for then polr cannot be distinguished from Pro If the emittance is defined as the
projection of the volume in phase space occupied by the beam on the plane r, Pr' the
condition must be checked.
This needs more explanation. Normally, the beam emittance is measured using slits
in two perpendicular u, u' and w, w' planes. Such a measurement gives the correct
maximum values for the angle and the cross section but it does not yield the connection
between u and w' and wand u'; in other words, it does not really measure the Po of
each ion or small groups of ions. For such a measurement, one needs holes instead of
slits. In most cases, the above measured emittance is represented by an ellipsoid in
phase space (u, u', w, w') and that ellipsoid is used as a representation of the beam. In
general, one uses the inscribed ellipse from the rectangle defined by the maximum
divergence and distance to the axis for the design of the beam line. This is for several
reasons a good approximation if Po = O. If, however, Po =1= 0, the corners of the
rectangle are not empty; in fact, the density can be quite high, for polr is proportional
with rs • In other words, the volume that contains all the particles in phase space is not
homogeneously filled and cannot be represented by an ellipsoid unless one uses one
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that is too large. Specifically, if quadrupole and dipole magnets are used in the beam
line, one should trace particles instead of ellipsoids. In these systems, Po is not a
constant of motion. If such a system is inserted between an ion source and the periodic
structure, Fig. 3 shows that each ion should be injected in the structure as close as
possible to its stable-point locus.
There may be a temptation to suggest that if an ion with a Po moves in free space, its
po/r is converted into Pro This is, however, of little help. If such an ion is refocused by a
lens with rotational symmetry, its Po will manifest itself again when the ion approaches
the optical axis.
IV. A MORE GENERAL EQUATION UP TO THIRD ORDER
We should take the opportunity to derive a more general set of equations. We start
again from the Hamiltonian but written in the form
with p2 = 2mqeV.
We are allowed, if we like, to use - Pz as a new Hamiltonian and z as the independent
coordinate instead of Hand - t. If we normalize, writing qr = P,./p etc. and ao = Ao/ p
we get
(12)
We then derive the equations of motion in the same way as in section I
(14)
If we differentiate Eq. (14) again but forget about the derivative of the correction term
in brackets and combine the result with Eq. (13) and use Eq. (7) we get
rtf = p~{~1132 - ~q2e2 (B 2r - ~ BB"r3) - ~ qePIIB"r} {1 + q/ + (~II - qeallY}-
(15)
This equation is in fact the same one as the equation derived in section 6 of Ref. 1 with
the extensions due to Po.
The Eqs. (13) and (14) and Eq. 15 also show the difference between the canonical
coordinates rand qr and the non-canonical coordinates rand r' as they follow from
Eq. (15). In the phase space spanned by rand q" the theorem of Liouville holds. Then
qr = PrjPcan be considered as the angle between the trajectory and the axis, but only
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for small angles. In the phase space spanned by rand r', the theorem of Liouville does
not necessarily hold and in section 6 and Fig. 4 of Ref. 1, it is shown that it actually does
not. r' = Prjpz is the angle between the trajectory and the axis.
CONCLUSION AND REMARKS
It is shown that a periodic focusing structure as described in Ref. 1 is ideally suited to
guide low-energy ions even if ions with an angular momentum are present in the
injected beam. In Ref. 2 it is shown that the system is also useful for much-higher
energies certainly if Samarium-Cobalt magnets are used. These have the additional
advantage that they can be situated inside the vacuum tube. Several approximations
are made. This is done to retain only those terms that really describe the process. The
neglected terms have little influence and their presence does not allow a clear
discussion. If the period of the trajectory is smaller than approximately three times the
field period of the structure, one must include these terms in the numerical calculations.
In that case it is better to use Eq. (9) instead of Eq. (10) and one should incorporate
more harmonics of the field. If paraxial motion cannot be supposed, Eq. (15) will still be
sufficient in most cases.
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APPENDIX A
In Eq. (4) there are, besides oVjoz, two terms of which the first one is still present if Po =
O. This is the term that is considered as small in the paraxial approximation. The
second term suggests a singularity, but that is not really true. In the extraction region of
the source, this term is about equal to twice the first one, as can be seen from Eq. (3). In a
beam line with rotational symmetry, Po is constant, but from a physical point of view
there is no reason why the occurrence of a small Po should cause a particle suddenly to
violate the paraxial conditions. In fact, if Po i= 0, then r i= 0 and as can be seen from
Fig. 3, the minimum value of r increases with Po for constant initial conditions. From
Eq. (3) it foll,ows that a decrease in r results in an increase of 0), the angular velocity.
This increase cannot be large due to the small value of the Lorentz force in the periodic
system.
In addition, the distance during with r is small is about 20% of the period. From the
two. nonlinear terms in the Hamiltonian, Eq. (1), P02jr 3 is clearly the most important
one as long as the trajectory period is large with respect to the.field period.
APPENDIX B
At first glance, it appears that a stable-point locus is only present in the solution of
Eq. (11). It is not difficult to show that nearly the same stable point locus occurs in the
solution of Eq. (10). The reason is that the movement of a particle has a rapidly
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oscillating part superimposed on a slowly oscillating trajectory. The rapid oscillationis
masked if one looks stroboscopically at the position of a particle in phase space every
time it passes from one field period to the other. To show this, we start with the
Hamiltonian, Eq. (12), and neglect the last term. Then
( 2 )1/2 1 1 2 12 qo 2 2 2 qo 2 2qz = 1 - qr - 7 - (qe) ao ~ 1 - 2qr - 27 - 2(qe) ao . (16)
If we use Eq. 7, Ao = tBzr, and the first harmonic from Eq. (8), to simplify the
discussion, we find
(17)
If we use Eq. (17) to derive the equation of motion (see section IV), we get again Eq. (10)
after normalization. We would now like to find a canonical transformation to new
coordinates, r, 8, qr, qo that cancels the rapidly oscillating term in Eq. 17 (see Ref. 3).
We do this by means of a generating function F = F(r, 8, ifr, ifo) that gives a new
Hamiltonian qz = qz + of/oz with qr = of/or; qo = of/08; r = of/oqr; e=
of/oqo. The oscillating term in of/oz must cancel the term in qz. This is fulfilled by
the identity transformation with an additional term
- 8 - 1 2 (al)2 2 1 . ( z)F = r'qr + 'qo - ~(qe) - r -SIn 41t-16 P 41t 1
Then
_ 1 2 (al)2 1 . ( z)qr = qr - "8 (qe) p r 4n sm 4n I
(18)
1 2 1 2(al)2 2 ( '1 )2 4(al)4 2( 1 )2 1 (qO)2q = 1 - - q - - (qe) - r - - (qe) - r - - - -
z 2 r 16 p 16 p 41t 2 r
+ ~ (qe? (~Yqrr 41n sin ( 4n f) + C16Y(qe)4 (~r(4~Yr2 cos ( 8n f)
(19)
Thus we find an oscillating term in the coordinate transformation from qr to qr
and again two in the new Hamiltonian qz. The amplitude of the sin (41tz/l) term in
Eq. (19) is about 20 times smaller than the amplitude of 'the cos (41tz/l) term in the
original Hamiltonian for a 20-keV deuteron if a l = 0.2 Tesla and 1 = 0.14 m.((qe)2 a1 2/p2 = t· 10- 2 ; Irl r'-I Iqrl r'-I 10- 2 ; 1/41t r'-I 10- 2 ). The second oscillating term
has an even smaller amplitude and double frequency. Thus both can be neglected. If
we now calculate the position of a particle for z values given by sin (41tz/l) = 0, as is
done in Fig. 3, we see only the small shift in position of the points caused by the fourth
term on the right-hand side of Eq. (19).
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Notation used:
P = generalized momentum
p = mechanical momentum
V = acceleration potential
B = magnetic induction (T)
Bp = magnetic stiffness (T-m)
a i = ith Fourier coefficient of Bz
r, z = radial, axial coordinates (m)
r, i = dr/dt, dz/dt
r', B' = dr/dz, dBz/dz, etc
y', B' = dy/dz, dB/dx etc. if coordinates are normalized
q = charge state
e = 1,60 x 10- 19 C
m = mass (kg)
= field period (m)
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